Introduction
Since real estate assets transactions are relatively infrequent there is a lack of existing market valuations by means of which value might be estimated. Real estate portfolios are mostly evaluated using valuation models. Investors have to add their own perception of risk to these models to arrive at a decision to buy or to sell an asset. Usually the main financial risks they face relate to operating costs, vacancy rates, lease contracts and liquidity. The principal opportunities to improve performance may arise from operating costs, terminal value and rental income growth (leases often provide mechanisms to increase total payments over the course of the lease). The need for appraisal in the real estate business arises from the heterogeneous nature of properties: all properties differ from each other in their location at least -and this is one of the most important determinants of their value. A centralized Walrasian price cannot therefore be set for trading property assets, as happens for securities in capital markets. The absence of a market-based pricing mechanism prompts the need to improve valuation methods; in particular, to better reflect the risks involved in real estate. Real estate valuation includes the appraisal of the prospective price of a property. Real estate can involve almost all of the pathologies encountered in the practice of valuation, although traditionally considered to be a more predictable asset type. Following Nassim Taleb, who in his foreword to Geman (2005) emphasized the specific nature of commodities, we emphasize in this introduction some of the specificities of real estate assets. The first specific characteristic is a unique location. While a security is an abstract item, having no location and existing as a simple balance sheet entry, properties present locational characteristics that make arbitrage arduous and comparison difficult. Secondly, there is a temporal dimension: a real estate asset is illiquid. The action of buying and selling is quite predictable in real estate, being rooted in its physical nature. Buying and selling spans a matter of months for real estate assets, compared with a security which can be traded twice in less than a second. Thirdly, there is the matter of the size of the investment: real estate assets are large, indivisible assets. Fourthly, the obsolescence rate: a building doesn't keep its level of efficiency over the time. Fifth is the incidence of cash flow: small cash flows occur during the period during which the asset is held, and large flows occur at the time of sale. Taking all these hurdles into account, the difficulties of real estate valuation become more obvious. The major traditional valuation methods, widely accepted by practitioners and academics, are: construction cost, comparables, yield capitalization, discounted cash-flow, or the asset's present value. However these traditional valuation methods suffer from numerous limitations. In particular, they all suffer at least from the same inherent disadvantage: they do not take proper account of risk, and they are too sensitive to some parameters, such as the infinite rate of growth of the cash flow. These limitations are discussed in Fama and French (1989) , Ferson and Campbell (1991) , Achour-Fischer (1999) and French and Gabrielli (2004) , in addition to Myers (1974) who favors the asset present-value approach. Furthermore, the traditional valuation methods do not meet certain basic requirements, such as probability distribution, standard error calculation or confidence interval. Such limitations are really problematic; we propose in this paper to overcome all of these issues by suggesting a new valuation method which, using Monte Carlo simulations and options, incorporates uncertainty into the valuation process. The Monte Carlo method has long been applied to incorporate risk in simulating numerous scenarios. Adding an optional element to the cash flows also allows -3 -us to take account of the risk born by the lease contract. Moreover, methodology using simulations techniques enables us to derive a broad spectrum of applications and measurements calculations (such as Value at Risk). The first use of simulation techniques for real estate appraisal can be found in Pyhrr (1973) , who analyzes the risk of a real estate investment. Numerical methods are used, amongst others, by Cooper and Pyhrr (1973) , Wofford (1978) , Mollart (1988) , Li (2000) , Kelliher & Mahoney (2000) , Dupuy (2003 Dupuy ( , 2004 , French & Gabrielly (2004 , 2005 , Hoesli, Jani and Bender (2006) and Baroni, Barthélémy & Mokrane (2007a , 2007b . The idea initiated by Pyhrr (1973) involves making risk assessment more explicit, and making better use of modern financial theory and computer resources. In 1973 Pyhrr underlined especially how it is possible to use numerical methods to develop models that assist the investment decision maker to take into account three dimensions: the degree of uncertainty, time dependence and complexity. This model forms the basis of all the modern models that use Monte Carlo simulation for real estate. This paper builds principally on three sources: Hoesli, Jani and Bender (2006) , Baroni, Barthélémy and Mokrane (2007a) and Dupuy (2003) . So far as we are aware, these papers also represent the first practical use of Monte Carlo simulations. Hoesli, Jani and Bender in 2006 seek to add uncertainty to the valuation process and solve the hypothesis of constant weighted average cost of capital by using Monte Carlo simulations. In particular, they simulate the risk-free rate by using the Cox, Ingersoll, Ross (1989) dynamic model, and incorporate variations in the risk-free interest rate. Moreover, the model proposed by the authors supports the addition of some building-specific characteristics into the risk premium. This is achieved by rating the states of the markets and assessing property-specific hedonic characteristics, which are then translated into a building-specific risk premium. This approach is very similar to the scoring method used by the hedge funds industry. The proposed approach succeeds in overcoming some of the worst limitations of the discounted cash flow model, and also incorporates risk into the cash flows using a time-varying weighted average cost of capital. The essential contribution of this method is that it does not require prior knowledge of the asset's value (usually necessary to determine the weighted average cost of capital). In 2007, Baroni, Barthélémy and Mokrane (2007a) proposed a new real estate portfolio valuation methodology that uses Monte Carlo simulations. They proposed simulating both the rental value and the price of the asset. Their model is innovative by virtue of its introduction of uncertainty not only into cash flows, but also into the price of the asset. Furthermore, they model the vacancy rate using a uniform law, and thus also incorporate the possibility of vacancy changes in the portfolio. Their article allows, among other things, one of the most profound issues in valuation to be overcome: the terminal value calculation is simulated rather than being dependent on a dubiously infinite growth rate. Empirical tests using an index constructed in Baroni, Barthélémy and Mokrane (2005) prove how robust their methodology is by comparison with the traditional discounted cash flow approach. Likewise this approach allows the measurement of the risk given the distribution of outcomes. In particular, the value at risk can easily be computed. This paper also opens the way to numerous applications in portfolio management; for instance Baroni, Barthélémy and Mokrane (2007b) or Barthélémy and Prigent (2009) derive the optimal holding period for a portfolio, a well-known issue in Finance.
-4 -Dupuy first introduced the combination of Monte Carlo simulations with options for real estate valuation in 2003. He considers the risk born by the real estate owner, focusing on the options granted to the tenant in a lease contract. Dupuy concentrates on market rental values, and combines Monte Carlo simulations for these market rental values combined with options to demonstrate how a traditional lease structure transforms normally distributed market rental values into a reduced set of income paths. More precisely, the author derives tenant behavior by comparing expectations of tenant cash flows and market rental value cash flows for each simulated scenario. In addition, Dupuy derives many applications and measurements regarding the average amount of time in premises, or the probabilities of a tenant vacating. This is not however incorporated in the price of the asset at the end of the period.
Following Dupuy (2003) and Baroni, Barthélémy and Mokrane (2007a) , we undertake in this paper to improve existing commercial real estate valuation methodologies by introducing uncertainty and risk into the valuation process. We achieve this by combining Monte Carlo simulations with option theory. Let us first focus upon one of the most essential determinants of the commercial lease contract: the lease structure. In Europe, lease structures vary from one country to another, and are even more different in the UK in comparison with continental Europe. Information on the lease structure is thus an essential component of any proper cash-flow model. Basically a lease is a rental agreement between a landlord and a tenant. The lease provides detailed information about expected cash flows for years to come. In particular, the lease usually specifies starting date, initial rent, expiry date of the lease, indexation rules, and options available to the tenant to leave the premises before the expiry of the lease. These last options are called the break (or sometimes renewal) options. They are a particular feature of the continental Europe lease, and one of the greatest risks faced by European real estate investors. A break option is an asymmetric right in favor of the tenant; i.e. at the time of a break option, the tenant has the right, but not the obligation, to terminate the lease. A tenant may well leave at the time of a break option; therefore break options are likely to cause vacancy, to incur a hiatus in cash flows, and this therefore represents the principal cash flows risk faced by investors. Obviously a vacant space incurs costs but no revenue. In addition, such premises may become outdated or more quickly obsolete, and thus also involves an increased risk of capital loss. The proposed model takes into account the risk underlying the lease structure in relation to the level of market rental values, possible agency costs and the current rent paid in the portfolio as a whole. We use both Monte Carlo methodology and apply basic option theory:
-We make use of Monte Carlo simulations for pricing the portfolio, and for all the market rental values of all the rental spaces in the portfolio; -We apply basic option theory to the break options granted to the tenant. In consequence each Monte Carlo scenario confers a value on each lease. This is achieved through three factors: the simulated state of the market rental value, the lease structure and the tenant's decision (all this according to its current rent and assuming rational behavior). Therefore the model incorporates uncertainty concerning the level of cash-flows according to the state of the market rental values, but also into the price component. We claim that this method is more accurate and more reliable than traditional methods.
-5 -Having briefly discussed real estate valuation methods and their limitations, and having presented the existing literature on simulations methods used in real estate valuation, we develop our model in the following section. In particular, in this second section, we focus on the risks that must be taken into account, among which risks is the risk of vacancy, which we model with options. In the third section we describe and illustrate simulations applied to one lease contract. The fourth section provides applications and illustrations of our model based on a case study in which we conduct a sensitivity analysis to measure the robustness of our model. Section 5 summarizes the main conclusions. 
2.
The basic model
Our model is based on the non-deterministic (stochastic) approach taken by the classical discounted cash flow method i . Our objective is therefore to determine, as accurately as possible, all the future cash flows generated by the portfolio. Integrating the risk in each cash flow enables us to compute the global risk of a real estate portfolio. In particular, our approach takes into account the tenant's behavior in respect of the specific lease structure of the portfolio in commercial real estate. The model estimates both the risk included in the cash flows generated by the assets of the portfolio, and the risk for their prices.
To describe more precisely these risks we consider five main sources of risks:  the indexation risk of the rental value (i);  the evolution of market rental value prices (ii);  the potential vacancy rate of the portfolio (iii);  the variation of expenses over time (iv);  market price risk (v).
The conjunction of these various sources of risk enables us to decompose the risks related to the portfolio's cash flows. We first analyze cash inflows relative to rents, and then cash outflows, so that we might finally construct a valuation model for the portfolio. Our model can take into account the specificity of each submarket and of each lease structure within the portfolio. It means that we will consider n assets (or n properties) to be invested in m submarkets. We assume only () mn  .
Cash Inflows
1 Prerequisite: We state here some assumptions we make for all the paper and our terminology.
Throughout the paper, we assume that investors are rational and use the net present value to decide upon favorable investments. We also assume throughout the paper a real estate portfolio composed of many commercial properties. The properties are themselves composed of many spaces that can be rented. The portfolio is acquired or sold as a whole during one period (the properties which make up the portfolio are not gradually acquired over many periods). At the point of acquisition the spaces composing the portfolio can be let or not (if not, they are vacant). The space leased at the point of acquisition may have been contracted at different dates before the acquisition; therefore they have different break option dates and different maturity dates. For the purpose of simplification we will consider that all the leases already contracted, or that may be contracted, have been signed, or will be signed, on the 1 st of January: all the cash flows occur on the 1 st of January (we do not consider quarterly payment). In our model and simulation, a 9-year lease contract that begins at the 1st period will have its first payment during the 1 st period and the last payment during the 9 th period. A lease contract that has its first break option at year 3 may only be vacant during the 4 th period; thereby it produces at least three cash inflows. The paper therefore makes the implicit assumption that rents are paid one period after acquisition or signature of a lease-contract: the rents decided at time t are received one period after at time t +1.
-6 -The cash flows generated by a real estate investment are principally composed of rental payments. In order to compute future rents, three major factors have to be considered:
 the evolution of rents over time, or the way that rents are revised in lease contracts (i);  the evolution of market rental value for the submarket corresponding to the asset (ii);  the evolution of possible vacancies for each lease (iii). .
The space may be let, or not. If it is let, the tenant has, or does not have, the possibility of leaving at a predetermined date during the term of the lease (the break option). When the lease terminates both tenant and landlord can each decide to either continue with the lease, or not (with some limitations which we consider irrelevant here). The end of the lease is therefore also a break option, but symmetrical, as both tenant and landlord can exercise it, even if often with different costs. Thus uncertainty regarding changes in the rent over time mainly arises from the possibilities that the break option will be exercised, 2 and the length of any vacancy periods. This is precisely what we investigate in our model. We examine the risk presented by the break options and by the length of vacancy in terms of cash-flows and of the valuation of the portfolio. At a break option point a tenant has two possible choices: staying or leaving. From the owner's perspective this can be translated into continuity of cash flows versus a void period (or even a negative cash flow). Given the assumption of rational behavior, the model we construct is capable of determining the choices open to a tenant, incorporating their consequences in cash-flows. Faced with a break option, both tenant and landlord wish to increase their wealth. The landlord wants to hedge his revenues, and possibly increase the value of his building; the tenant wishes to minimize the current rent paid and his expenses related to the premises. Therefore, assuming rational behavior, when faced with a break option the tenant stays in the premises only if the rent currently paid is not too high in comparison with the current market rental value available for similar spaces on the market, plus relevant "transaction" costs ii . Concerning the vacancy length, we choose to model it using a random discrete distribution: Poisson's law. In this way the prospects of a vacant space being let or remaining vacant are considered.
At each period there exist three possible outcomes of modeled , ti Rent : a) If a lease has just been contracted, at period t, the lease is around the market price. The noise i  arises mainly from market incompleteness and inefficiencies (indeed information on real estate transactions is never fully available).
b) For a current lease, the rent at period t is: represents the index to which the rent has been fixed from the beginning of the lease.
This case remains valid even for the first period of the lease (t = 0); in this case, the lease has already been contracted at the time the portfolio is bought. Indeed the beginning of the analysis does not usually correspond to the beginning of the leases in the portfolio.
c) At period t, the premises may be vacant: in this case, no rent is paid:
Hence the model for the rent at period t of the premises i may be summarized as follows:
, with E 0 and V (a)
, , ,
The essential characteristic of each space is to be let or vacant at period t. The model focuses on the dynamics between two consecutive periods, for instance period t and period t+1:
(i) Does a let space remain let or not? (ii) Does a vacant space remain vacant or not?
Determining the way a current or a potential tenant will behave is difficult. In our context, it means determining if a vacant space will attract a tenant, and if a let space will keep its tenant in the premises. The aim is to find a rule or a principle that can be used as a standard for the two predefined cases, (i) and (ii), that can rationally be used in the context of real estate portfolio management and real estate portfolio valuation. We propose two rules: one to decide if a let space remains let when facing a break option (i); the other to determine how long a vacant space stays vacant (ii).
(i) The first rule is based on a comparison between the current rent and the market rental value available for similar space in the same market. Under the assumption of rational behavior, the option to leave is exercised by the tenant only if it is the time of a possible break option ( i tS  ) and if the rent currently paid is too high in comparison to the current market value 3 . Mathematically, this can be written as:
3 -In practice, different events can occur. Landlords may concede a potential revision of the rental level in order to prevent void situation while, at the same time, tenants may prefer to stay in the premises in order to save transaction costs. Negotiations is therefore common.
-8 -If there is no possible break option at period t ( i tS  ), the space remains automatically (by contract) let at period t+1. Moreover, it also remains let when there is a possible option to leave ( i tS  ) that is not exercised.
(ii) The second issue faced by the landlord is the length of vacancy. Once he has a vacant space in the portfolio it is difficult to rationally infer the length of time for which the space will remain vacant. The length of the vacancy period may be months or even years, and widely varies from one space to another, depending on the state of the submarket, on the location, and on the state and quality of the premises themselves. To model this various possibilities in vacancy length we define the random variable X as the number of periods during which the premises stay vacant.
Poisson's law is used to model the vacancy length.
Where k is the length of vacancy and λ is a positive real number, equal to the expected number of occurrences during the given interval. We illustrate Poisson's law in Figure 1 . This representation can determine the vacancy length (and its underlying associated probability) independently of the last vacancy period as soon as a known average vacancy length (λ) for each submarket is available. This way, the length of vacancy is modeled as a random variable that can take a different value for each simulation, instead of a chance fixed value.
The dynamic between two consecutives periods is summarized in the following transition matrix:
-9 - 
Vacant
 Let (a tenant was found)  Vacant
Cash outflows
The cash outflows represent the various expenses related to the building arising for the landlord. They are threefold:  current expenses: linked to regular expenses such as insurance, repairs and maintenance. Let us define
Exp the expected potential current expenses during the period t for the space i and ,
ti
 the probability of having such expenses. The expected current expenses at period t for the premises i can then be expressed as: Cv as the expected potential vacancy expenses during t for the premises i and ,
 the probability that such expenses will arise. These expected vacancy charges during the period t can be formulated as:
Free cash flows
We are now able to determine the free cash flows we will use to compute the present value of the real estate portfolio. These cash flows incorporate simulations of the rents and the behavioral model of the tenant's choice. The free cash flows generated by the portfolio are principally composed of the cash inflows from rents and tax reduction due to depreciation, the cash outflows associated with expenses,
-10 -and the terminal value, allowing for any capital gains tax. The terminal value, and therefore the incidence of capital gains tax, arises only when the portfolio is sold at the end of the holding period. By assumption and for purposes of simplification, we treat the entire portfolio as being sold at the end of the period under consideration T.
The free cash flows of a specific space i at period t from the period t (   1, -1 tT  ), where the portfolio is sold at period T, are expressed as follow: Dep is the element of depreciation at time t corresponding to the space i and  is the tax rate.
Therefore the free cash flows for period 1, , -1 tT  , of a portfolio composed of n spaces to let can be evaluated as follow: 

The free cash flows at time T at the end of the holding period is equal to:
where T P is the expected portfolio terminal value at the end of the holding period and PV the capital gain at the end of the investment.
Discount Rate Choice
The choice that has to be made between the cost of equity and the cost of capital in discounting cash flows is an issue in itself, and cannot form part of this paper. As we do not include any debt cash flow in our model, a classical Weighted Average Cost of Capital will be used, and the investor is assumed to be in a situation where this is of relevance. We denote k as the Weighted Average Cost of Capital, used as the discount rate.
Applying a Monte Carlo simulation: simulating prices, market rental values and rents
To elaborate the model, the terminal value, the MRV and rents (including their indexation) have to be simulated.
Terminal value
Following Baroni, Barthélémy and Mokrane (2007a), our model aims to simulate the price of the portfolio. Indeed, terminal value has a significant impact upon the portfolio valuation, and -11 -the incorporation of uncertainty in the terminal value is one of the major strengths of the model. We suppose that asset prices are governed by the following geometric Brownian motion.
P t P P t t dP = μ dt + σ dW P
This equation assumes that commercial real estate returns can be modeled as a simple diffusion process, where parameters P  and P  correspond to trend and to volatility. As an example, we present the paths of the price for 0 0 P  , and of the histogram of possible prices,
with different values of P  and P  . As an illustration, Figure 2 
Market rental values (MRV)
Each space i that is part of the portfolio generates during period t a rent , ti Rent (this rent can be equal to 0). Each space i also has its own market rental value at time t, denoted , j ti MRV . This market rental value follows a dynamic based on the index of its specific submarket. Two spaces located in the same submarket will thus have the same market rental value dynamic; however divergences in the values themselves may occur due to differences in size, floor level, or any similar specificity. In brief, we can assume two spaces in the same submarket with different characteristics, following the same dynamics but possibly take different values.
We define ,  for all the submarkets j is needed. The market rental value of the space i of the submarket j at time t is therefore given by: . This is why the initial market rental value has to be estimated.
Furthermore given the dependence -the correlation -between the price of a real estate portfolio and the market rental values that of which this portfolio is composed, it is not possible to simulate the processes independently. It is necessary not only to consider correlations between the indexes of market rental values and price, but also between the market rental values indexes themselves. Consequently the simulation requires an estimation of the correlations between the price and all market rental values indexes, and between the indexes themselves. 
Simulation of the rents
As already detailed in section 2, the lease structure has to be taken into account when simulating the rents. For each lease and at the relevant break dates ( i tS  , 1, , , in  ), the -13 -market rental value of each space is compared to the current rent, and the model decides if the option to leave has to be exercised or not. For illustrative purposes, we present in Figure 4 all the possible cases that may occur for a classical French commercial lease in the specific case where the vacancy length is fixed for one year. This traditional French lease takes the form of a nine year contract with two break options: to leave the premises before the end of the contract at the end of years 3 and 6. Let us consider periodical indexation set to 2.5%. The market rental value is fixed as 100 during the course of the lease. The lease begins at the first period t = 1. Four cases may occur in Figure  4 : ( In all the cases shown above, the rent returns to the market rental value after each break option is exercised. As such, the break option is an opportunity for the tenant, or a risk for the landlord.
Simulation of the rents and of the market rental value
We now introduce the market rental value and the rent received, taking into account the dynamics represented by vacancy length. Figure 5 present the rents resulting in six simulated cases for a French lease contract (9 year lease with break options at year 3 and 6) over 15 years using our model. The bold line represents the rents paid and the lighter line represents the market rental value. In these graphs the rent is indexed annually at a rate of 2.5%, the average vacancy length equals 2 years ( 2   ); and we have assumed that the tenant decides to move as soon as his rent is higher than the market rental value at the date of a break option The Monte Carlo method creates a large number of scenarios. Each simulated scenario presents the rents paid by one space during the simulation. By repeating this hundreds of times we calculate the average of all the simulations and obtain the rents expected during the period. Figure 6 represents three paths for the rents, the market rental value and of their combination in the case of a French lease contract. Then in Figure 7 we represent the average of the rents and of the market rental values for this lease (3/6/9). As before, the market rental values are driven by N(0.02; 0.10) and the rent is indexed at 2.5% per year. The average vacancy length equals 2 years ( 
Distribution of rents
To illustrate the relevance of the model we present the histogram of the rents paid on a French lease contract for each period. The lease under consideration is assumed to have been signed initially for 9 years with 2 break options at years 3 and 6. When broken, and after the vacancy period, the new lease is contracted under the same terms (3/6/9). Figure A .2 in Appendix 2 shows the change owing to the lease structure, and highlights the importance of taking the options offered to the tenant in the lease contract into account.
Simulation of the free cash flows
In this section the simulations both of rents and of the terminal value of the portfolio are now combined. The classical discounted cash flow model is used to price the net present value of the real estate portfolio. All future free cash flows are discounted at the discount rate k. This enables us to confer a value on the portfolio. 
Applying Monte Carlo methodology, the process is repeated hundreds times and we obtain a large number of prices for the portfolio. The average of all these values can be used as an estimate of the value of the portfolio. The lease structures of each space, the initial rents and the indexations for each lease are known by contract. The initial market rental values, the initial price and the tax rate are observable. The discount rate k corresponds to the Weighted Average Cost of Capital. The depreciation rate and its impact on the cash flows are country specific and also observable. For the purposes of simplification expenditure growth is supposed to be constant, but if necessary (and if enough information is available) it could be also simulated. The next section deals with the valuation of a portfolio, and will provide more detail on the free cash flow simulations.
4.
Application of the model
Valuation of a portfolio
In this section, and using the previous framework, we simulate both the cash flows generated by the leases and the terminal value of a commercial real estate portfolio. The methodology is based on the modeling of rents, expenditures, and price dynamics. We provide a model that can be used by investors to analyze portfolio risk associated with the lease structure. We also test the robustness of the model by using a sample. The model preserves a significant degree of freedom for all the considered variables and their possible relationships/correlations. The modeling allows for the incorporation of experiences from real estate portfolio managers or local agencies. An asset manager might for example have empirical knowledge of a portfolio's ability to maintain tenants, or may be an especially skilled negotiator, and may then use these in the simulation. The greater the experience, the better the model should be for use in simulations, in the sense that the dynamics represented in the model should be closer to reality.
We take one example to compute the value of and the annual inflows from a given portfolio on a 15-year period. We show in Figure 8 the histogram of the possible rents produced by the portfolio for each year. In the following we focus particularly on the parameters that have the greatest impact upon the tenant's behavior and the valuation of the portfolio: vacancy length (λ), and the difference between the market rental value and rents whose level prompt the tenant to move (α).
The commercial real estate portfolio we consider is a real portfolio composed of 16 lettable spaces. The portfolio comprises 6 properties. The properties were acquired during their construction between the years 2005 and 2009 (the last completion of a building). The complete portfolio was sold in 2010 for 100 M€. All the spaces are located in the suburbs of Paris, France; They all are considered to be driven by the same submarket index, therefore j = 1 (j is the number of submarkets for the market rental value index , The passing rents and rental values of all the premises at the time of acquisition are displayed in Table 1 . One space identified with lease 14 is initially vacant, some are under-let -the initial rent is priced below the market price -as is the case of the leases 8, 9, 10, 11; some are over-let -the initial rent is priced above the market price -it is the case of the leases 1, 2, 4, 5, 13, 16. The remaining part of the portfolio is let at the market price: leases 3, 6, 7, 12, 15. Very simply and without any simulation we can predict which tenant may be more difficult to maintain in the asset. Holders of over-let leases will be more tempted to move to cheaper places. The portfolio is bought whole in one period. Therefore the buyer acquires a portfolio which is already constituted and under management. The properties have been marketed and have been let for different periods, and the leases are running with various maturity dates and various lease structure type. The current lease structure of the premises is displayed in Table 2 . Among the leases in the portfolio some of them have just been contracted, some terminate within a short period of time, and some are longer term and face numerous break options. The leases share in common the fact that they almost all started before the purchase date of the portfolio. Period 1 corresponds to the period between date 0 (t = 0) and date 1 (t = 1). Therefore, a tenant that faces a break option in year 1 will pay his rent once and can then break the lease at the end of the first year. This is illustrated in the Figure A .3 in Appendix 3.
If a space becomes vacant a new lease has to be drawn up. This can be done under a predefined lease structure after a period of vacancy, or immediately after the lease terminates. The lease structures are mainly dependent on the size and configuration of the premises to let and on the targeted potential tenants. The lease structures applicable to the successor tenant are displayed in Table 3 . For example, if lease 10 is broken, the subsequent tenant enters the property under a traditional French leasing contract (3/6/9). The initial price of the portfolio is supposed to amount to 100 M€ and the price to follow a geometric Brownian motion driven by a Normal law N(0.02; 0.1). The correlation between the price and the rental submarket index equals 60%. The entire portfolio is invested in the same submarket (a district in Paris). The void length follows a Poisson's law of parameters 0.5 (average vacancy length is 2 years). The discount rate k is constant during the simulation and fixed at 6.5%. We assume that no arbitrage is possible during the holding period. Furthermore, as stated above, all the cash flows are annual and occur at the same date. The investor is assumed to be a transparent fund not subject to taxes ( 0   ) (see Baroni et al., 2001; Hoesli et al., 2006) . For simplification purposes, and to clarify the results, we do not take account of any expenses (current expenditure, capital expenditure or vacancy charges). We show in Figure A .4 in Appendix 4 the distribution of the rents during the 15 years of the simulation.
In Figure 8 , we show the average rents and market rental values produced by the portfolio through the simulations. The model can also display the average rents paid for each lease. Risky leases can therefore be forecast and analyzed, which can be assist any decision.
Sensitivity analysis and the model's limitations
In this section we analyze the sensitivities of the model to the length of vacancy (λ) and to the criteria for the decision to move (α). We highlight the robustness of the model, but also note some of its limitations. The sensitivity analysis is carried out using the previous portfolio under the same initial conditions. The only changes are λ and α. Both these parameters have an impact on the vacancies. The criterion for the decision to move is likely to increase or decrease the number of break options exercised and therefore must have a very large impact on the level of vacancies in the portfolio. On the other hand, the average length of vacancy determines how long a space remains vacant, and therefore how -21 -long it may generate costs instead of revenues. The graphs represent the sum of expected rents ( Figure 9 , 10 and 11), the portfolio value ( Figure 12 ) and their associated standard error. As predicted, the level of expected rents decreases when the length of vacancy increases. At the same time the level of rents decreases when the moving criteria decision is more strictly applied (α = 0 for instance). It is interesting to note that the level of rents produced by the portfolio is more strongly affected by the length of vacancy over time than by the moving criteria. This is due to the lease structure. Once a tenant is signed up with a new lease contract at a rent close to the market rental value a predictable income is usually secured for some years, and so the impact on cash flow is far less. The level of risk associated with these two parameters is represented by the standard errors. The graph demonstrates that these two parameters have a very large influence on the risk of the portfolio value, and also on the risk associated with the resulting cash flows. This result is consistent with the usual fear on the part of investors concerning the risk of vacancy in their buildings. Usually they understand this possible vacancy to consist in the costs that it generates and the time it takes to re-let. The results strengthen the evidence that vacancy is the most important factor affecting the value of a classical asset (for high-yielding assets, vacancy has a higher impact in respect of cash flow volatility than low-yielding assets). At the same time, the volatility of the cash flows is barely affected by the length of vacancy when the costs of moving are high. This highlight the interest investors as a whole may have in making specific enhancement chargeable to the tenants so that improved future cash flows might be secured. According to this framework, landlords should only accept paying for maintenance or refurbishment in exchange for the surrender of break options. We have now presented and tested our model and its relevance. However, this model suffers from some limitations. One of the first and most obvious limitations lies in the assumption of rational behavior on the part of a tenant. Although this assumption is classical, it is not always verified. Tenants do not always behave rationally in the sense of only being driven by financial considerations; although commercial real estate is primarily seen as a factor of production. Many other factors affect their decision to move: the availability of space, social impact, the routine, communications, possible mergers or acquisitions. However, even if this assumption is questionable, we do not believe it represents a major issue. Indeed, and particularly in continental Europe, rents are usually in line with the market rental values available for similar premises; and this is precisely because of the prospects of a break option being open to tenants. Negotiations over rents are common when break options are approaching. In these cases the landlord is likely to concede financial incentives (free rent or improvements) or even a rent reduction so that vacancy or a movement to a new longer lease contract might be avoided. Further research including utility functions could help deal with this limitation. Another limitation in our model is inherent to real estate as an asset class. This is mostly to do with the lack of data. We implicitly supposed that the market rental values and the terminal value of the portfolio are both driven by a normal law, in the absence of data that could define a more specific law. This assumption is weak but common. It does not affect the relevance of the model. Indeed, the model can be adapted by using another law or other simulating methodologies (bootstrapping, neuronal methods, introducing extreme values etc.). The major difficulty lies in the lack of data on all periods. In continental Europe indexes are generally annual (sometimes biannual) and do not really cover all the submarkets in which the various portfolios are invested. Thus it is difficult to calibrate a model with such scanty data. The UK is an exception in having monthly indexes; but unfortunately UK leases have hitherto been characterized by their length and lack of break options (generally only an upward only rent review every five years), and therefore our model is probably less applicable to this country.
Conclusion
In this paper we have proposed a new methodology for the valuation of a real estate portfolio using Monte Carlo simulations and options to compute its price. In doing so we have suggested a way of incorporating lease structure risk into the valuation process. The principal improvement of our proposal is the possibility of taking account of the break options given to tenants in different lease structures. The proposed model is able to consider tenant behavior with regard to cash flows and therefore show its impact on the portfolio value by combining Monte Carlo methods for the price of the portfolio with the various market rental values. For each simulated scenario, and for each lease at the time of a break option, we compare the current rent with the market rental value available for similar space, and use an assumption of financial rationality to decide whether the tenant moves away or not. The length of vacancy is determined by Poisson's law. From the viewpoint of a practitioner. the model can be used to compute more robust valuations of a real estate portfolio. Practitioners should also find -24 -interesting the possibility that the model confers of displaying a histogram or a distribution function instead of a fixed value. The main problem in application would be to find all the inputs the model requires, such as the trends and volatilities of each submarket. At the same time our approach is very flexible; many parameters can be introduced and applied in order to suit the specific assumptions and needs of each investor. Furthermore, this research opens the way to many other fields of real estate finance, such as risk management. We have demonstrated, using sensitivity analysis, the extent to which knowledge of cash-flows may be of valuable assistance in risk measurement, and in developing negotiations between landlord and tenant. By using Monte Carlo methods we obtain a range of possible outcomes instead of a fixed result. The risk associated with a portfolio or a specific asset is thereby better estimated. In particular, the model, along with the distribution of its results, allows us to compute the Value-at-Risk of a portfolio. Such risk measurements are increasingly required by both regulators and investors. Developing our approach in this direction, to provide more robust tools for the management or assessment of risks, could be the objective of future research.
